The annihila tion of positronium is disc ussed as a means of obtaining a prec ise measure me nt of th e Compton wavelength of the electron. In pa rtic ul ar th e spect ral lin e shape of the annihilation radiatio n is calculated for positro niu m th erm ali zed in helium gas cooled to th e region of its critical point with a n applied magne tic fi eld s uffi cie nt to yield a three photon to two photon branc hing ratio of unity for the 350 co mpo ne nt. Under such co nditions t he ra pid the rm alizat ion of the pos itronium and the long half-life of two photon decay out of th e predom inantl y triplet state make poss ibl e the production of r ather narrow s pectral distr ibuti ons. An exac t solu tion of the Zee ma n effec t in positronium is included. T his study s uggests th at a wa vele ngth de te rmin ation beyo nd th e one pa rt pe r million le vel is attainable within the ra nge of prese nt technology.
Introduction
X-ray data have b een excluded from rece nt adjus tments of the atomic consta nts [lJ 1 since at their the n curre nt precision they would have carried typically about one fifth the weight assigned to othe r meas ure· ments. Simply improving the precision of the x-ray data by,a factor of three would lead to equal weight. Recent improve me nts in the internal consiste ncy of the x-ray scale by Bearden e t al. [2] , permit a furthe r sharpening by x-ray determinations of the constants to limits set by the uncertainty in the conversion fac tor between the x-ray wavelength scale and the defined le ngth. Were these potentialities realized today , the n the x-ray data would be significant in an adjustment of the fine structure constant and the proton mome nt [3] .
Beside the traditional x-ray de termination s of th e co nstants there are ohe nomena which either occur sponta neously or can be provo ked to occur whic h are co nsiderably sharper th an natural x-ray lines. F or exa mple, there are n uclear transitions whi ch have q uite narrow profil es [5 J and there are cr ys tal lattices of extraordinary perfection [6] which occur as, so to speak , s ponta neous phe nome na. Other phenome na whic h are also quite sharp can be produ ced by experime ntal design. One of these, nam ely radiation from the annihilation of positronium as narrowed by thermalization in a magnetic field is the subject of the pre se nt p ape r.
Positron-Electron Annihilation
T he precision of x-ray measure me nts of the atomic constants is ,limited by the precision with which it is possible to define an x-ray wavele ngth scale. The scale , of course, depe nds on the precision with whi ch it is possible to establish the wavelength of an individual x-ray line . Ordinary x·ray lines have full widths at half maximum upwards of some 300 ppm (parts per million). We have no theore tical model for their s hape and hence little hope of specifying the wavelength of any of their fe atures (peak , centroid, or median) to better than 1 ppm. This proble m has bee n studied by J. S . Thomse n and F . Y. Yap [4J.
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If a positron and an electron initially at rest annihilate with the e mission of two photons, the n b y conservation of e nergy,
since conservation of linear mome ntum implies t hat the wavelengths of the two photons are equal. Solving eq (1) for A yields the Co mpton wavele ngth:
where mo is the rest mas s of either the electron or the positron.
If, however, the positron-electron system has nonzero momentum at the instant of annihilation, the two photons in general will not have the same wavelength, so that spectroscopic observation of the radiation shows a broadened annihilation line. Examination of this process shows that the line widths resulting from the annihilation of free positrons with electrons in matter are much too great (typically in excess of 1000 ppm) to allow a precision (i.e ., approx. 1 ppm) measurement.
If a .flux of positrons is incident upon certain materials, a significant fraction of these incoming particles will combine with electrons in the substance to form hydrogen-like atoms of positronium [7] . The peak of the annihilation line .is shifted because the righthand side of eq (1) is reduced by the binding energy of the positronium atom, while the width of the line is determined by the momentum of the positronium atom at the time of annihilation.
Positronium exists in either singlet (para-) or triplet (ortho-) states; the lifetime against annihilation of ortho-positronium is two orders of magnitude greater than that of para-positronium. The triplet lifetime is sufficIently great to allow an ortho-positronium atom to reach thermal equilibrium with its surroundings before annihilating. If this thermalization process is carried out in the presence of an external magnetic field, then an appreciable fraction of the long-lived positronium component will decay via the two photon channel because the field causes mixing of the singlet and triplet states. If the temperature of the surroundings is sufficiently 'low, then the resulting annihilation line will be narrow.
It is the purpose of this paper to examine in detail the line shape of the radiation produced in this process. In particular we shall consider the lifetime of the two photon annihilation of positronium in the presence of a magnetic field; combining this with appropriate expressions for the thermalization of the positronium and for the thermal distribution function of the surroundings yields an expression for the line shape.
Zeeman Effect of Positronium
The hyperfine separation between the singlet and triplet energy levels or positronium In its ground. state is much greater than the corresponding splitting in the hydrogen atom for two reasons [8] . In the first place the dipole-dipole interaction between the electron and positron is proportional to the magnetic moment of the positron, and therefore is increased over the interaction in hydrogen by the ratio of the Bohr magneton to the nuclear magneton. Furthermore, the hyperfine splitting is increased by an amount that is approximately equal in magnitude to the dipole-dipole term by quantum electrodynamic effects involving virtual annihilation of the pair.
If SJo represents the Hamiltonian (including the hyperfine interaction) of the positronium, then one can represent the stationary ground state as an eigenstate
where F = 0, 1 is the quantum number denoting the spin state of the atom, and m is the quantum number associated with z-component of the spin angular momentum. The states UFm are eigenfunctions of the spin operators (Se + Sp)2 and (Sez + Spz), where the subscripts e and p denote the electron and positron, respectively. These states, written in terms of the spin states of the individual particles, are
where '1'0 is the hydrogenic ground state wave function which results if spin is neglected. The hfs separation has been evaluated to be
If an external magnetic field H is applied to the positronium atom, then the Hamiltonian becomes
where, in terms of magnetic moment operators /J-for the positron and electron, (6) Since the magnetic moments of the electron and positron are equal (approximately) in magnitude to the Bohr magneton but opposite in direction with respect to the spin vectors, and since their g factors . are equal, then fiJH can be written in terms of Pauli spin matrices (Tz as (7) Some treatments [9] of the Zeeman effect in positronium have employed perturbation theory; however , an exact solution is readily obtained by well-known methods [10] .
One can write down the Hamiltonian matrix by employing the fact that (Tzu( t)= u( t) and (Tzu( t)
; the operation of f;>H in eq (7) on the wave functions in eq (4a-d) yields a nd
As a result, the Hamiltonian matrix including t~e magne ti c interaction is
with roots (11) where
and p..ogH
Thus the diagonalized matrix is (12) Note that the de generacy be tween the triplet m = ± 1 states is not removed by S)H. Furthermore, the e nergy of thes e states is not affected by the field , since these s tates have zero net magneti c moment because the positron and electron are oppositely charged -particles_ The lack of a lin ear Zeeman effect, and the existence of a quadratic effect in the m = 0 state can be described qualitatively as follows. The triplet m = 0 state as mentioned above has no magnetic moment and is not affected in first order. The singlet state, though it possesses a magnetic mome nt , is a zero spin state; since there is no axis of quantization, the atom " tumbles" in the field . Both states do exhibit a n e nergy shift because the applied field induces a preferential alinement of the individual particle magnetic mome nts as is indicated by the H2 variation (in the limit, this induced alinement be comes th e Paschen-Back effect).
The wave fun ctions for the perturbed positronium atom can now be determined by c arrying out the matrix multiplication Equation (14) shows that the application of a magnetic field mixes the states UIO a nd Uoo. Thus 1/110 and JjJoo each decay by both the two-and three-photon channels.
If the annihilation rate of the state UIO is YT and that for the state Uno is Ys, then the mean annihilation nite for the mixed state 1/110 is The branching ratio for the 1/110 state (i.e., the ratio of the number of two photon decays to three photon decays) is B lo = (':.)2 Ys = (2+X2)-2~ys .
In figure 1 are plotted eqs (17) and (18) 
Line Profile for Positronium in a Monoenergetic Moderator
In this section we shall consider the case in which a flux of positronium atoms is incident in a moderating medium possessing a single thermal energy. We must first relate the energy separation of the two photons to their emission directions. 
It has been shown by Heitler [11] that the emission of annihilation photons is spherically symmetric in the limit p= 0; thus the distribution will be very nearly isotropic in the case at hand -that of thermalized positronium. The intensity distribution as a function · of e will thus be proportional to the solid angle subtended at the annihilation site: 3 The momentum p = Y2mE is a function of the time; this thermalization function has been found (l2J to be
where Em is the moderator e nergy; [3 depends upon the e nergy of the po sitronium atoms at t = 0, and a de- 
3 In rea lit y 0 does not quite reac h 1T/2; thi s is mere ly an indication of the approximation of sphe rical symm e try, and will not affect th e re sults s ignifi cantly.
This The physical interpretation of this res ult is fairly simple.. Since YIO is the two photon annihilation rate of the lon g·lived component of positronium , the n Yio l is the mean life tim e of the atom; similarly, a -I represents the characteristi c tim e reqUIred for the Ps atom to thermalize with its s urroundings. Thus the ratio YIO/a is just the ratio of theimalization time to mean life. When this ratio is small, the n thermalization us ually is co mple ted long before the positronium atom decays. Since the c alc ulation s of thi s sec tion concern the somewhat artificial case of a monoe nergeti c moderator, the res ulting rec tangular, distribution in the preceding paragraph indicates that the vast majority of the positronium atoms decay after they have beco me fully thermalized, so that the reo sulting intensity distribution is simply the charac· teristic rectangular distribution arising from monoenergetic positronium.
Line Profile for Thermalized Positronium
Let us now consider annihilation in a moderator at temperature T characterized hv a Maxwell dis· tribution of velocities:
If the thermalization time a -I is much less than the mean life Yio l , then most Ps atom s are in th ermal equilibrium with the moderator at the time of anni· hilation. As a result there will be a Maxwell distribu· tion of positronium atoms; atoms with velocities in the interval (v, v+ dv) will produce a rectangular distribution according to eq (31), so that
133)
where (j is the width of the distribution and is the maximum energy shift for photons produced in the decay of a Ps atom moving with velocity v. If one makes the substitution (j= 1/2 mvc, eq (33) can be integrated to yield the intensity distribution of anni· hilation photons:
The quantity (j can be expressed in terms of the posi· tronium kinetic energy as
Denoting as (jT that value of (j corresponding to the mean thermal energy at T, then one can write that life time sufficiently great to fulfill the conditions for the Gaussian line shape described above. It would thus appear possible to carry out an annihilation experiment in which the line width is sufficiently narrow to allow a 1 ppm determination of AA.
Appendix
In order to evaluate the integral of eq (30),
:0 = e. '" tanh udu,
for the case III which E = (YIO/a) ~ 1, we make the substitution 'Y/=ln cosh u.
The expression tanh udu can be expressed in terms of 'Y/:
From (A-2) we can write Employing an identity for cosh -1 yields
cosh -1eT/=ln(eT/ +~)
Summary and therefore
Since E is small, eq (A-8) can be expanded:
6. + VI -e-t+e = 1 -E In (1 -VI -e-tT)) +~ In 2 (1 + Yl-e-2 T/)-
.
It has been demonstrated that if a moderator is such that the thermalization time of positronium is much less than the mean life against annihilation, the two photon annihilation of positronium in this moderator at temperature T results in an annihilation line that is a Gaussian, the width of which depends upon T. These conditions are fulfilled for helium near its critical point for positronium lifetimes of the order of magnitude of the triplet state lifetime. Since triplet positronium decays with the emission of three photons, whereas a determination of the Compton wavelength is feasible only in the case of two photon decay, one must carry out such an experiment in the presence of a magnetic field so that the mixing of singlet and triplet states giVe rise to a long-lived two photon process. It has been shown that for fields of approximately 2 kG, one half of the long-lived decays will occur via the two photon channel with a But note that and that one can write
